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Stability of particle arrangements in a complex plasma

S. V. Vladimirov* and A. A. Samarian
School of Physics, The University of Sydney, Sydney, New South Wales 2006, Australia

~Received 14 November 2001; published 4 April 2002!

It is shown that the stability of the vertical and horizontal confinement of colloidal ‘‘dust’’ particles levitating
in a complex plasma appears as a nontrivial interplay of the external confining forces as well as the interpar-
ticle interactions and plasma collective processes such as the wake formation.
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Stability and arrangements of macrosize colloidal ‘‘dus
particles in a complex plasma is a subject of growing rec
interest @1#. In the laboratory experiments, the microme
sized highly charged dust grains levitate in the sheath reg
of the horizontal negatively biased electrode where ther
balance between the gravitational and electrostatic fo
acting in the vertical direction as well as externally impos
confining potential applied in the horizontal plane. The v
tical confinement involving the gravity force and the elect
static force acting on the dust particles with variable char
is a complex process exhibiting oscillations, disruptions, a
instabilities @2–6#. A characteristic feature of the particl
confinement is also the strong influence of plasma collec
processes; such as the plasma wake@7,8#. It was shown theo-
retically @9# that the ion focusing associated with the wa
can induce instabilities in the horizontal chain of dust gr
related to interaction of transverse and longitudinal mo
via the plasma ions focused in the sheath below the levita
grains. However, an instability of particle equilibrium ma
appear even for two particles@5,10# when obviously we can-
not relate it to any cooperative lattice mode.

In this paper, we study the stability of the combined v
tical and horizontal confinement of two dust grains. We de
onstrate that the potentials confining particles in the dir
tions perpendicular to the particle motions can disrupt
equilibrium and discuss qualitative consequences for the
periments.

Consider vibrations of two colloidal particles of ma
M1,2 and chargesQ1,2, separated by the distancexd horizon-
tally ~i.e., aligned along thex axis!, see Fig. 1~a! or zd ver-
tically ~aligned along thez axis!, see Fig. 1~b!. In the sim-
plest approximation, the particles interact via the scree
Coulomb ~Debye! potential fD5Q1Q2 exp(2ur u/lD)/ur u.
wherelD is the plasma Debye length. Here we note that
particles levitating in the plasma sheath, the interaction
tential in the vertical direction is actually such that the forc
between them are asymmetric because of the ions flow
towards the negatively charged electrode. However, it is a
instructive to consider the case with Debye interaction o
even in the vertical direction; there are two reasons for th
First, in the microgravity experiments, such as those
board the International Space Station, the dust particles
levitate in the plasma bulk where the effects associated w
the ion flow can be negligible. Second, consideration of
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effects associated with the symmetric Debye screening
lows us to elucidate the role of more complex asymme
potentials.

Thus we consider two cases of the interaction in the v
tical direction:~1! when the interaction potential is symme
ric of screened Coulomb-type; and~2! when the interaction
potential is asymmetric. We stress that the latter can be
different physical origin, for our purposes here it is sufficie
to assume only that it can be parabolically approximated n
the equilibrium. As an example of the asymmetric potent
the wake potential can be considered; it has the follow
approximate expression along the line~thez axis! connecting
two vertically oriented particles@7#: FW52Q cos(uzu/
Ls)/uzu(12vs

2/v0
2), wherev0 is the ion flow velocity,vs is the

ion-sound speed, andLs5lDAv0
2/vs

221. Note that this ex-
pression is only applicable on the line behind the dust gra
generally, within the Mach cone the wake potential has m
complex structure@7# while outside the Mach cone the pa
ticle potential can be approximated by the Debye formu
Therefore, the potential acting on the upper particle due
the lower particle, see Fig. 1~b!, is the simple Debye repul
sive potential.

The balance of forces in the horizontal direction involv
action of the external~horizontal! confining potential as well
as Debye repulsion. We note that in experiments, the s
metric horizontal potential can be obtained using the ring
disk electrodes. For example, the glass cylinder was use
create the ‘‘square well,’’ that is, the parabolic confining p
tential in Ref.@5#; in the experiment@4# the circle grid elec-
trode was used for this purpose. In our experiment done
the University of Sydney@10#, copper and glass rings wer
used. Thus for the external horizontal potential we assu
that the external confining force acting in thex direction can
be written asFext52gx(x2x0), where gx;QdEx

ext/dx is
assumed to be a constant andx0 is the equilibrium position
of a single dust particle or two vertically aligned particl
@Fig. 1~b!#; for further convenience we assumex050. The

FIG. 1. Sketch of the particle configurations.
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equilibrium distancexd for the case of two horizontally
aligned particles, Fig. 1~a!, appears as a result of the actio
of the external confining and Debye repulsion forces~note
that for the horizontal alignment of two levitating particle
we have to assume them to be identical, i.e.,Q15Q2 and
M15M2, see also below!

2Q2

xd
2 S 11

xd

lD
DexpS 2

xd

lD
D5gxxd . ~1!

The balance of forces in the vertical direction, in additi
to the electrostatic Debye and the wake potential forces,
cludes the gravitational forceFg5Mg as well as the sheat
electrostatic forceFel5QEz

ext(z) acting on the dust grains
In equilibrium, we assume the interparticle vertical distan
zd to be small compared with the distance between the lo
particle and the electrode~as well as small compared wit
the width of the sheath!, therefore, the sheath electric field
the range of distances near the position of the equlibrium
be linearly approximated so that we writeFel2Mg
52gz(z2z0), where gz;QdEz

ext/dz is assumed to be a
constant andz0 is the equilibrium position of a particle o
massM due to the forcesMg andFel only. We stress thatz0
is the actual vertical position of the horizontally aligned tw
identical particles~see Fig. 1~a!, M15M25M andQ15Q2
5Q); on the other hand, for the vertically aligned particl
@Fig. 1~b!# the lower and upper equilibrium positions arez01
andz025z011zd , respectively. In this case, the equilibriu
balance of the forces in the vertical direction acting on
lower particle and the upper particle can be written
Fel,1(2)(z01(2))2M1(2)g1F1(2)

D,W(z022z01)50, where F1,2
D,W

are the forces of the interaction between the particles du
their interaction Debye and/or asymmetric~wake! potentials
FD and/or FW , respectively:F1

D(z022z01)5QdFD(uzu)/
duzuu uzu5zd

, andF2
D,W(z022z01)52QdFD,W /(uzu)duzuu uzu5zd

.
In the case of two identical particles and Debye as only
teraction between them, we obtain equation similar to Eq.~1!

2Q2

zd
2 S 11

zd

lD
DexpS 2

zd

lD
D5gzzd . ~2!

In the case of the asymmetric potential, the equilibrium c
dition for the levitation of two identical particles gives us

Q2

zd
2 S 11

zd

lD
DexpS 2

zd

lD
D2gz

W~zd2zW!5gzzd , ~3!

wherezW is the distance between the minimum of the asy
metric attracting potential characterized bygz and the upper
particle ~for the wake potential,zW5pLs and in the para-
bolic approximation, assuming thatzW is close to zd ,
gz

W5 Qd2FW / dz2uz5zW
5 @2$p2 2 2%Q2 / p3lD

3 #v0
2vs

3 / $v0
2

2vs
2%5/2).

Now, consider the first case of two horizontally align
particles located at positions (2xd/2,z0) and (xd/2,z0), see
Fig. 1~a!. As we already noted, to achieve the horizon
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alignment, we have to assume that the particles are ident
First, we introduce small horizontal perturbationsdxi , where
i 51,2, and assume that the vertical displacements are
~note that in the linear approximation the vertical and ho
zontal modes are decoupled!. By including the phenomeno
logical dampingb due to the friction of particles with the
neutral gas, and linearly expanding the interaction forces,
obtain

M S d2dx1(2)

dt2
1b

ddx1(2)

dt D 52gxdx1(2)1gxx
D ~dx2(1)

2dx1(2)!, ~4!

where gxx
D 5Qd2F2(uxu)/duxu2u uxu5xd

5(Q2/xd
3)(212xd /lD

1xd
2/lD

2 )exp(2xd /lD). Thus we find that there are two os
cillation modes with the frequency

vxx,152
ib

2
1S b2

4
1

gx

M D 1/2

, ~5!

for the two particle oscillating in phase with equal amp
tudesA15A2, and

vxx,252
ib

2
1S b2

4
1

gx

M
1

2gxx
D

M D 1/2

, ~6!

for the two particles oscillating counterphase with equal a
plitudes (A152A2). Invoking the equilibrium condition~1!,
the latter frequency can be written as

vxx,252
ib

2
1Fb2

4
1

gx

M S 31
xd

2/lD
2

11xd /lD
D G1/2

. ~7!

We see that both modes are always stable. The counterp
mode provides~if excited! a good diagnostic tool to deter
mine the plasma parameters~such as Debye length and th
neutral friction!, by knowing the experimental values of th
in-phase and counterphase frequencies, together with
equlibrium interparticle distance, we are able to determ
the unknown plasma parameters~or at least their ratios!.

The next case to consider involves vertical oscillations
two horizontally aligned particles, Fig. 1~a!. In this case, we
obtain the following equations of motion:

M S d2dz1(2)

dt2
1b

ddz1(2)

dt D 52gzdz1(2)2gxz
D ~dz2(1)

2dz1(2)!, ~8!

where gxz
D 52(Q/xd)dF2(uxu)/duxuu uxu5xd

5(Q2/xd
3)(1

1xd /lD)exp(2xd /lD). Thus we obtain that the two oscilla
tion modes have the frequency

vxz,152
ib

2
1S b2

4
1

gz

M D 1/2

, ~9!

for the two particle oscillating in phase (A15A2), and
6-2
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vxz,252
ib

2
1S b2

4
1

gz

M
2

2gxz
D

M D 1/2

52
ib

2
1S b2

4
1

gz

M
2

gx

M D 1/2

~10!

for the two particles oscillating counterphase (A152A2).
We see that while the first mode is always stable,
counter-phase modecan now be unstable, depending on the
ratio gx /gz . We stress that this instability arises because
the action of theconfiningpotential in the directionperpen-
dicular to the direction of particle oscillations. This instab
ity allows an experimentalist to, e.g., disrupt an initia
stable horizontal arrangement by changing the rela
strength of the vertical to horizontal confining potentials.

By introducing small vertical perturbationsdzi of the ver-
tically aligned particles at equilibrium positions (0,z0i),
where i 51,2, and expanding the interaction forces, we o
tain for the case of Debye only interactions equations an
gous to the first case of horizontal vibrations of horizonta
aligned particles~for simplicity, we also assume the particle
to be identical, the corresponding generalization to the c
of different charges/masses is trivial!. There are two oscilla-
tions modes; the first one has the frequency~9! for the two
particle oscillating in phase with equal amplitudesA1,2, and
the second mode’s frequency is given by

vzz,2
D 52

ib

2
1Fb2

4
1

gz

M S 31
zd

2/lD
2

11zd /lD
D G1/2

, ~11!

for the counterphase oscillations,A152A2. Again, both
modes are always stable and the counterphase mode pro
~if excited! similar diagnostic tool to determine the plasm
parameters~such as Debye length and the neutral friction!.

If we take into account the asymmetry of the interacti
potential ~e.g., the plasma wake!, the equation of vertica
motion of the upper particle~number 2! is in the Debye
potential; motion of the lower particle now involves th
wake potential. There are two oscillation modes in this ca
the first one, for the particles moving in phase with eq
amplitudesA15A2, has the frequency~9!; the second fre-
quency is now given by

vzz,2
W 52

ib

2
1S b2

4
1

gz

M
1

gzz
D

M
1

gz
W

M D 1/2

52
ib

2
1Fb2

4
1H gz

M
1

gz
W

M S 12
zW

zd
D J

3S 31
zd

2/lD
2

11zd /lD
D 1

gz
W

M

zW

zd
G1/2

~12!

for the counterphase oscillations; their amplitudes are
equal in magnitude and now related by

A152S 21
zd

2/lD
2

11zd /lD
D S 12

zW

zd
1

gz

gz
WD A2 . ~13!
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Again, both modes are always stable and the counterph
mode provides~if excited! a diagnostic tool to determine th
plasmaand the wakeparameters~such as Debye length an
the position of the first potential minimum!. We stress here
that very useful information can also be obtained by meas
ing the amplitude ratio of this type of oscillations.

Now, consider horizontal oscillations of two verticall
aligned particles. In the first case, when the particle inter
tion is symmetric~and of Debye type! we obtain the equa-
tions of motion, similar to the case of vertical vibrations
the horizontally arranged particles~with obvious change ofz
to x). Thus, we have two modes of oscillations, the first o
corresponds to Eq.~9!, when the particles oscillate in phas
~with equal amplitudes!, and its frequency is equal to Eq.~5!.
The second one is similar to Eq.~10!, with the frequency@we
invoke the equilibrium condition~2!#

vzx,252
ib

2
1S b2

4
1

gx

M
2

gz

M D 1/2

, ~14!

and A152A2. We see that while the first mode is alway
stable, the counterphase mode can be unstable, dependi
the ratiogx /gz . We stress that condition for this instability i
opposite to the condition of the instability of the mode
vertical vibrations of two horizontally arranged particles, s
Eq. ~10!.

Finally, consider the case of horizontal oscillations of tw
vertically aligned particles taking into account the plasm
wake. The equation of horizontal motion of the upper p
ticle in this case is the same as for the symmetric Debye o
interaction, while the lower particle is oscillating in the wak
potential characterized bygx

W that is its horizontal strength in
the parabolic approximation. For our purposes here it is s
ficient to assume thatgx

W is a positive constant of order~or
slightly more! thangz

W , see, e.g., numerical simulations@8#.
For the two oscillatory modes, the frequency of the first o
coincides with Eq.~5! while the frequency of the secon
mode is given by

vzx,252
ib

2
1Fb2

4
1

gx

M
1

gx
W

M
2

gz

M
2

gz
W

M S 12
zW

zd
D G1/2

.

~15!

Now, we see another important feature: the wake poten
canstabilizepossible horizontal instability of two vertically
aligned particles~this can be easily seen for the casegz

W

5gx
W); note that for the supersonic wake potential this s

bilization occures only within the Mach cone. The amp
tudes of the second mode of oscillations are related by

A15
gx

WA2

gz1gz
W~12zW /zd!

. ~16!

Thus for the asymmetric interaction potential, the seco
mode of oscillations does not correspond to the counterph
motions: the vibrations of particles arein phasenow, with
unequal amplitudes. Here, we see another powerful exp
mental tool to determine the character of the interaction
tential experimentally: for the pure symmetric interaction p
6-3
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tential of repulsive Debye~or Coulomb! type, the oscillations
of the second mode are counterphase, while for the as
metric repulsive-attractive potential the oscillations are
phase~with unequal amplitudes!.

The proposed mechanism can be related to experimen
observed phenomena, for example, for the two-particle s
tem in planar rf discharge@4,5,10#, involving horizontal os-
cillations of two particles aligned in the vertical string@10#
and hysteretic phenomena in the disruptions of the horizo
and vertical arrangements@5,10#. For simplicity, in the fol-
lowing analysis we consider only symmetric Debye inter
tions of particles and draw the stability diagram for the tw
particle system, Fig. 2. We have two extreme regions: on
the region~I! wheregz.gx1Mb2/4, corresponding to the
vertical string unstable with respect to the horizontal motio
of the particles, another is the region~III ! where gx.gz
1Mb2/4 corresponding to the horizontal string unstab
with respect to the vertical motions of the particles, as w
as the central region~II ! where both structures are stabl
Realization of the particular arrangement depends on the
tial conditions~for example, on the particle’s inserting tec
nique! @10#.

Since for the sheath conditions of planar rf discharge
havegz@gx @5,10#, we can expect that the vertically aligne
two-particle system is in this case in the region~I! of Fig. 2,
and we should expect the instability with respect to horiz
tal motions and stability with respect to excitation of vertic
oscillations. Indeed, it has been shown that self-excited h
zontal but no vertical oscillations were observed in this c
@10#. Also, it was observed that the decrease of input po

FIG. 2. Stability diagram of the particle arrangements.
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leads to the stabilization of the system with respect to
horizontal motions; according to Refs.@5,10#, the decreasing
input power is accompanied by the decreasing strength of
vertical confinementgz , while the strength of the horizonta
confinementgx does not change significantly; according
Fig. 2, this means that our system enters the stability reg
~II !.

The hysteretic phenomena in disruption of the verti
and/or horizontal alignment of two particles observed in e
periments@4,5,10# can be qualitatively explained by Fig. 2
Let us start with the horizontally arranged particles under
conditions of the~stable! region~II !. Then, if to decrease the
input power and, therefore, decrease the ratiogz /gx , we
enter ~at the pointgx5gz1Mb2/4! the region~III !, where
only the vertical arrangement is stable, that is, the transi
from the horizontal to the vertical arrangement takes pla
When reversing the process, the transition from the vert
to the horizontal arrangement occurs only at the pointgx
5gz2Mb2/4 and the hysteresis is observed. The strength
the hysteretic behaviorDgx,z can be written as~if we also
take into account the asymmetric wake potential! Dgz

1Dgx;Mb214@gx
W2gz

W(12zW /zd)# and can be used fo
the estimate of plasma and confinement characteristics
interesting observed phenomenon, a ‘‘particle jump’’@5,10#
can be attributed to the point where the particle changes
region from the repulsive symmetric Debye interaction p
tential to the region where asymmetry in the particle inter
tion exists, for example, crosses the boundary of the M
cone of the wake potential.

To conclude, we have shown that the stability of the v
tical and horizontal confinement of dust is strongly infl
enced by the nature and strength of the confining forc
Instabilities of particle configurations are analyzed and th
relation to the confining potentials is elucidated. The p
posed model also allows us to provide a qualitative analy
of phenomena observed in structures of many dust partic
for example the self-exited vertical oscillations of particles
a monolayer structure reported in Ref.@6# that can be related
to the decreasing ratiogz /gx taking place when decreasin
the input power. Similarly, the vertical oscillations of pa
ticles in the periphery regions of dust structures in the pla
rf discharge~i.e., close to the electrode edge!, can be related
to the region wheregz is less thangx as well as the enhance
level of dust vertical oscillations in dc and inductive rf di
charges.
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